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^ i Let us recall the classical definition of a (univariate) local zeta function, as it was 

I given by Igusa |16||17||T8]|19|. A survey of the univariate theory can be found in 

Denef's Bourbaki report 0. 

In its simplest form, a local zeta function is defined by the p-adic integral 



O : ZETA FUNCTIONS AND ALEXANDER MODULES 

Ph, by 
< 

5 ! Johannes Nicaise 

a 
< 

I Abstract. — We introduce the etale framework to study Igusa zeta functions in 

■ several variables, generalizing the machinery of vanishing cycles in the univariate 

case. We define the etale Alexander modules, associated to a morphism of varieties 
F : X ^ A^, a geometric point ^ of X, and an object in the derived category 
D^{F^^{G'^j^ J,), Q;). These are sheaves of modules on the scheme C{G^^ j.) of continu- 
^ ' ous characters 7ri(G5„ j,)* . We formulate Loeser's Monodromy and Holomorphy 

, Conjectures for multivariate p-adic zeta functions, and prove them in the case where 

dim{X) = 2, generaHzing results from the univariate case. Furthermore, we prove a 
, comparison theorem with the transcendent case, we study a formula of Denef's for 

' the zeta function in terms of a simultaneous embedded resolution, and we generalize 

Tjlj- , a result concerning the degree of the zeta function to our setting. 

o 



1. Introduction 



Z{f,s)= \f{x)Y\dx\ 



where s is a complex variable, / is a polynomial over Qp in n variables, |/| is its p-adic 
norm, and \dx\ denotes the Haar measure on the compact group Z^, normalized to 
give Zp measure 1. A priori, Z{f,s) is only defined when 3?(s) > 0. However, Igusa 
proved, using resolution of singularities, that it has a meromorphic continuation to 
the complex plane. Moreover, it is a rational function in The numerical data 
of an embedded resolution for / yield a set of candidate poles of Z{f, s), but, since 
this set depends on the chosen resolution, a lot of these candidate poles will not be 
actual poles of Z{f, s). 

When / is defined over Q, Igusa's Monodromy Conjecture 14.2.11 predicts an in- 
teresting connection between the eigenvalues of the monodromy at some point of 
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/^^(O) C C", and the poles of Z{f, s), for almost all primes p, where / is considered 
as a complex, respectively p-adic polynomial. When the zeta function is twisted by 
introducing a multiplicative character x • — > C^, Denef's Holomorphy Conjec- 
ture 14.2.21 states that poles only occur when the order of x divides the order of an 
eigenvalue of the monodromy at some point of /^^(O) C C". 

In this paper, we consider multivariate zeta functions, associated to an r-tuple of 
polynomials F = (/i,...,/^). They are defined in Section [3 Multivariate local 
zeta functions were already studied by Loeser in |22| . We state his generalizations 
of the Monodromy Conjecture 14.4.11 and the Holomorphy Conjecture 14.4.21 Since 
in general, F does not induce a locally trivial fibration near a singular point of the 
complex zero locus, we no longer have a geometric Milnor fiber at our disposal. How- 
ever, the formalism of nearby cycles still makes sense in the multivariate setting, as 
was shown by Sabbah in |30| . such that we do have something like a cohomological 
Milnor fiber: the Alexander complex (actually, it already exists as a motivic object, 
see |15|). The monodromy action makes these cohomological objects into C[Z^]- 
modules, and the support of the induced coherent sheaves on SpecClI/"] generalizes 
the eigenvalues of the monodromy transformation. Sabbah also proved a general- 
ized A'Campo formula, expressing the monodromy zeta function of the Alexander 
complex at a singular point in terms of a simultaneous embedded resolution for the 
polynomials /«. 

Using ideas from f 1 3j , we introduce the etale counterpart of this Alexander complex. 
The Alexander modules are associated to a morphism of varieties F : X ^ A^., a geo- 
metric point ^ of X, and an object in the derived category D^{F~^ {G^ i^) , Qi). They 
are sheaves of modules on the scheme C{G'^ ^) of continuous characters vri(G^ 

. We prove a comparison theorem, stating that our definition is equivalent to 
the definition of the etale nearby cycles if r = 1, and to the transcendent one if our 
base field is the complex field C. In the latter case, the stalk of the g-th Alexander 
module at a continuous character x '■ ''^li^mkY ""^ Qz^ corresponds to the subspace 
of the q-th transcendent Alexander module on which the semi-simple part of the 
monodromy acts as multiplication by x- 

Let us give an overview of the structure of the paper. In Section [21 we define the 
multivariate local zeta functions, and we recall a result of Igusa's concerning their 
rationality, and the set of candidate poles associated to a simultaneous embedded 
resolution fTheorem 12.3.11) . In Sectional we define the Alexander modules, and 
we prove that their support is contained in a finite union of translated cotori of 
codimension one in the scheme of continuous characters C(G^ji,) (Proposition lH.H.lTl . 
The generalized Monodromy and Holomorphy Conjectures are stated in Section HI 
while Section El contains the comparison theorems mentioned above (Proposition 
15.0.41 and l5.n.5p . making use of a local computation in the normal crossings case. In 
Sectional we study a generalization of Denef's formula for the local zeta function in 
terms of the geometry of the exceptional locus of a simultaneous embedded resolution 
(Theorem I6.fl.6j) . This allows us to prove a criterion to unmask certain candidate 
poles that do not contribute to the polar locus of the local zeta function (Theorem 
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I6.n.in|) . We prove a result concerning the limit of the zeta function at —oo in Section 
Theorem 17.0.111 To conclude, in Section [HI we prove the generalized Monodromy 
and Holomorphy Conjecture in the case where dim{X) = 2. 



2. Several variables Igusa local zeta functions 

2.1. — Let us fix some notation. We choose a prime number p. We denote by a 
finite extension of Qp, with ring of integers R, and residue field k, a finite extension 
of Fp. We choose an uniformizing parameter w and denote by q the cardinality of k. 
We denote by val the valuation on K and we normalize the norm on K by setting 
|a;| = Pqj; rf. j^Qj^ 2ero in we define ac(x) as the image in k of xzu~^^^^^^ 
and we set ac(x) = if x = 0. 

Let X be a smooth compact p-adic (locally) analytic variety (hence X is a finite 
disjoint union of balls) of pure dimension d and let a; be a gauge form on X, i.e. 
a nowhere vanishing analytic n-form on X. In a standard way (cf. [31]), we may 
attach to a volume form \uj\ on X. 

2.2. — We denote by C{Gl^{k),C) the group of characters 

X={xi,...,Xr):G:^{k) = {kr -^c*. 

For any analytic function F = (/i, . . . , fr) : X — > , for locally constant on X, 
for X in C(*Sm(^)5 ^iid for s = (si, . . . , s^) in C^, we consider Igusa's local zeta 
function 

„ T- r 

1=1 i=l 

which is defined when 3?(sj) > 0, for each i, where 3fJ(sj) denotes the real part of Sj. 
We will often omit 0, F, x from the notation, and denote the zeta function simply 
by Z{s). Furthermore, when X = i?", and is the characteristic function of P", 
with P the maximal ideal in R, we write Zq^s) instead of Z^{F, x', s). 

2.3. — Consider an embedded resolution vr : F ^ X of the //s. By this we 
mean that tt : F — > X is a proper morphism between compact locally analytic p- 
adic varieties, that n induces an isomorphism between Y \ n^^i^D) and X \D, with 
D = Uj/j~^(0), and that 7i~^{D) is a divisor E with (global) normal crossings. We 
denote by Ei, i E I, the set of irreducible components of E. In particular, the Ei 
are smooth. We denote by N- the order of vanishing of fj o tt at the generic point 
of Ei, and by i/, — 1 the order of vanishing of '7i*u at the generic point of E^. We 

shall write NiS for N^Sj, and x^' for Ylj Xj' ■ 

2.3.1. Theorem (Igusa). — The function Z^{F,x', s) is a rational function in the 
variables g^*^ . Furthermore, given an embedded resolution n : Y ^ X of the fj 's, 
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a necessary condition for Z^{F,X] s) to have a pole for a given value of x o,nd s is 
that 

11(1 - q-'^^q-^'n = 

i€l 

and 

U^^"' - 1) = 0. 

2.4. — By Theorem I2.3.H the set of real parts of the poles of Z^{F, x; s) are 
located on a finite set of affine hyperplanes 

j 

with in N and z/ > 0. We denote this finite set of hyperplanes by V{Z^{F, x', s)). 

3. Alexander modules 

3.1. Notations and conventions. — We fix an algebraically closed field k of 
characteristic exponent p (i.e. p = 1 when k is of characteristic 0, and p is equal to 
the characteristic of k when k is of characteristic > 0). We fix a prime number / 7^ p. 
We denote by a fixed algebraic closure of Q/. We set Z{l){k) := lim^ ^_^fin{k) 
and Zi{l){k) := lim /i/n(fc). Let T be a fc-torus, T ~ G';^^^. We set 'x,(T) := 

Homfc_gr(G^,,,T), X,(T) := X,{T) ®z^(l)(A;) and X,i{T) := X,(T) (g)^ Zi{l){k). 
We denote by ^liT) the fundamental group of T pointed at 1, by vri(T)* the tame 
fundamental group of T, and by 7ri(T)i the maximal pro-/ quotient of 7ri(T)*. By 
Kummer theory, there are canonical isomorphisms X*(T) ~ vri(T)* and X*;(T) ~ 

3.2. Torsion by the generic character. — Let i? be a complete regular local 
ring with residual characteristic /. For every fc-torus T, we set 

n!^ := R[[7i,in]]. 

This is a complete regular local ring of residual characteristic /. By Kummer theory, 
may be identified with i?[[X,.;(T)]]. For every choice of a generator 7 of Zi(l)(/c), 
we have, by Iwasawa theory, an isomorphism 

R[[Ul){k)]] c:. R[[t]] 

sending 7 to 1 + t. Hence, for every isomorphism T ~ {Gm,kY, we have, 7 being 
given, an isomorphism 

There is a canonical continuous character 

Canr : 7ri(T) ^ {Q§y 
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obtained by composition of the tautological character 7ri(T)i (^t)^? sending 7 
to 7, with the projection 7Ti(T) 7ri(T)/. We shall denote by the corresponding 
n^-sheaf on T. It is a tamely ramified lisse constructible free twisted rank 1 f2^-sheaf 
on T. 

3.3. The scheme C(T). — In |13| . Gabber and Loeser defined a Q«-scheme C(T) 
whose set of closed points may be canonically identified with the group of continuous 
characters vri(T)* — > Q^^. It is the disjoint union of the translates of the connected 
component C(T)i of the trivial character by the group of characters x '■ ^i(^)* ~^ Qf 
of finite order prime to /. By its very definition, 

C{T)r.= SpecQi®Zi[[m{T)i]]. 

By |13| 3.2.2, C(T)i is a noetherian regular scheme. 

3.4. — If TT : T — > T' is a morphism of tori, we denote by tt^ : C(T') C(T) the 
morphism which one deduces by functoriality. We say that vr : T — > T' is a quotient 
of T, if TT is surjective with kernel a torus. We call a subscheme of C(T) of the form 
7r^(C(T')), with tc : T T' a quotient of T, a cotorus of C(T). A subscheme of the 
form X ■ with x a closed point of C(T), is called a translated cotorus. If 
Z is cotorus translated by a character of order n (i.e. Z = x ■ 7r^(C(T')) with x of 
order n), we set 

Z := [j x^-7r^(C(T')). 

l<i<n 

More generally, if Z is a finite union UZi of cotori translated by a character of finite 
order, we set Z := UjZj. 

3.5. — Assume k is the algebraic closure of a finite field ko with q elements. Fix 
an isomorphism ~ C. Then we may identify C{G'^{ko), C) with the set of closed 
points of C(GJ^^) of order dividing q — I, since we have a canonical morphism 

Z(l)(A;)^/.,_i(A:)^fc*. 

3.6. — Assume K is the algebraic closure of some local field having k as residue 
field. The canonical injection Z(1)(A;) ^ 'Z{1){K) induces an epimorphism r : 

3.7. Alexander modules. — Now we consider the affine space 

:= Spec k[Ti, . . . , T^] 

and the torus j : T = Spec k[Ti,T^^, ... ,Tr,T^^] ^ A^. Let F : X ^ he a 
morphism of fc- varieties and set j : := F~^(T) > X. 

Let R he the ring of integers of a finite extension of Q;, and let be an object 
in D'^{Xt, R). As explained in [13) A.l, one can define in a natural way objects 



6 



JOHANNES NICAISE 



J^®bF*L^ and R]^{J^®rF*L^) in DI{Xt, VL^) and fi^), respectively. Hence, 

for every geometric point ^ of X \ Xt-, and every integer 5' > 0, one may consider 

and view it as a coherent f2^-module. 

Now, if T is an object in Q;), we define a coherent C(T)-module A%^^{T), the 

g-th Alexander module of at ^, as follows. We choose a model J-'r in Z)^(Xr, i?) 
for some -R, and ask for the restriction of A'^p^{T) to the connected component C{T)i 
to be equal to 

which is clearly independent of the chosen model Tr. For the restriction of ^|.^(^) 
to a general connected component of the form {x} x C(T)i, with x ^ character of 
finite order prime to I, we set 

with the Kummer sheaf attached to x (its definition is similar to the construction 
of C^^a in Section ini). 

If T belongs to D^(X,Q;), we shall write ^^^^(J^) for A%^^{]*T). Also, if k is not 
algebraically closed, we shall still write ^^^(JF) for the Alexander module attached 
to F ®k : X (^k ^ kl. 

3.8. Support of Alexander modules. — 

3.8.1. Proposition. — Let F : X ^ be a morphism of k-varieties, and let 
T he an object in D'^^XxyQi). Then, for every geometric point ^ of X \ Xt and 
every integer q, the support of the module ^^^(JF) is contained in a finite set, not 
depending on ^ and q, of translated cotori of codimension 1 ofC{T). Furthermore, 
when J-" = Qi, the support of the module A'^p^{Qi) is contained in a finite set, not 
depending on ^ and q, of cotori of codimension 1 of C(T) translated by characters 
of finite order. 

Proof. — We may suppose that J-' is the extension by zero of a lisse sheaf on a 
smooth irreducible locally closed subvariety U of Xp. We may furthermore assume 
that U is dense in Xt, and that the monodromy of is pro-/; see |13j, Prop. 4.3.1'. 
By de Jong's theorem [2], there exists a generically etale alteration vr : X' — ^ X, 
where X' is regular, and the inverse image 7r^^(Z) is a normal crossing divisor, with 
Z = X — U. Shrinking X if necessary, we may suppose that vr is etale over U. 

7v-\U) — 'k-\Xt)^ X' 

TT 



U Xt X 
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For any object Q in D^^{XtiR), and any character x of finite order prime to /, we 
have a short exact sequence 

u\u*Q ® C-x^^ Q ® Cy.^ iJ*Q 1^ 0, 

where i is the inclusion of Z n Xt in Xt, and is the Kummer sheaf of x on Xt. 
Applying the derived functor R^j^, yields a long exact sequence, hence, it suffices to 
investigate the support of the Alexander complex of u\u*Q and i^,i*Q. 
The theorem holds for the latter, by Noetherian induction, since is exact, hence, 
by Leray's spectral sequence, 

Wj.{Ki*g ® c^) = wi] o i),{i*g ® i*c^) . 

As for the former, by proper base change, one sees that 

u\u*Q ®i C^ = Ti^u\-n*u*Q ® . 

Leray's spectral sequence reads 

Ef'^ = {RPj:){RH:){u[-K*u*g ® n*Cy) ^ o 7r),{u\7r*u*g ® 7r*C^) . 

We use the proper base change theorem to compute the stalks of {W^ it ^){u\it*u*Q ® 
7r*£^). These are zero outside of U, and since vr is etale over f/, they vanish in all 
other points as well, if g > 0. Therefore, our spectral sequence yields isomorphisms 

After applying Leray's spectral sequence and proper base change once more, one 
sees that it suffices to consider the support of RPjl{u\7i*u*Q Tr*^^)^/, where ^' is a 
geometric point of 7i~^{X \ Xt)- 

This means we may assume that W is smooth over k, that the complement of U in 
X is a normal crossing divisor, and that the monodromy of J-" on [/ is pro-/. Now 
one can proceed as in the proof of [TSj, Proposition 4.3.1'. □ 



4. Conjectures 

4.1. — In this section, we shall consider a number field K, and a smooth algebraic 
variety X of dimension d over K, together with a gauge form u on X. Let F := 
(/i, . . . , fr) be a morphism X — > A^. For every finite place ^ of K, we denote 
by /Tsp the completion of K and by -Rip its ring of integers. Taking an appropriate 
model X of X over the integers of K imposes, at least for almost all the structure 
of a smooth compact locally analytic i^tp- variety on X(p := X{R<:p). Also, taking 
appropriate models of oo and F, we obtain a gauge form uj^rp on Xsp and an analytic 
function Ftp = (/isp, . . . , /r<p) : Xfp — > K^. All these data are independent of choices, 
for almost all ^. Hence, for suitable x and 0, we can consider Igusa's zeta function 
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4.2. — Let us first review the r = 1 case, i.e. the case when there is only one 
function /. We write / for F = (/). 

We shall say a locally constant function on Xsp := A'(i?«p) is residual if its value at 
a point X depends only of the image in A'(F(p), where Fsp denotes the residue field. 

4.2.1. Monodromy conjecture (Igusa, [7J). — For almost all finite places 

if So is a pole of Z(f,{fi;p,x', s), with residual on X*p, then exp(27r2Re(so)) is an 
eigenvalue of the local monodromy at some point of f~^{0). 

4.2.2. Holomorphy conjecture (Denef, |8j). — For almost all finite places 

if Z^{f<;Q,Xo] s), with (f) residual on Xsp, is not a holomorphic function of s, then the 
order of Xo divides the order of some eigenvalue of the local monodromy at some 
point of /~^(0). 

Here we should make more precise what is meant by "some eigenvalue of the local 
monodromy at some point of /~^(0)". The easiest way is to fix a complex embedding 
of i^' in C and to stick to the complex points of X with complex topology. We 
can consider the usual complex of nearby cycles RipC on /~^(0), and then "some 
eigenvalue of the local monodromy at some point of /~^(0)" means "some eigenvalue 
of the monodromy action on some cohomology object of the stalk {RiIjC)x at some 
complex point x of /~^(0)". More algebraically, and this amounts to the same by 
the classical comparison theorems, one could consider the complex of nearby cycles 
RipQi on /~^(0) for the etale topology and /-adic cohomology, and interprete it as 
"some eigenvalue of the geometric monodromy action on some cohomology object of 
the stalk {RipQi)^ at some geometric point x of /"^(O)". 

4.3. — We fix an isomorphism ~ C. In particular, we have an embedding of Q 
in C. We denote by 7 the topological generator 7 = (n = exp(27rz/n), of Z(Q). 
To an affine hyperplane H with equation N^sj + u = in C, with and u in 
N, 1/ > 0, we associate 7i, a finite union of cotori translated by a character of finite 
order in C(G^x), as follows. We deduce from 7 a topological basis (71,..., 7^) 
of 7ri(G^^)* = 1,{lY{K). For any a in (Q/Z)^, we denote by (p{a) the character 
which sends (71,..., 7^) to exp(27ria). We consider the image [-f/^(Q)] of H{Q) in 
{Q/Zy, and we define H as the Zariski closure of {'p{a)\a G [H{Q)]} in CiG^^j^). 
It is clearly a finite union of cotori translated by a character of finite order. 

4.4. — Frangois Loeser proposes the following generalisation of the monodromy 
conjecture: 

4.4.1. Generalised monodromy conjecture. — For almost all finite place 
if H is a polar hyperplane in V{Zfj,{F-^, X'l-^)); with residual on X(^, then, for every 
irreducible component Z ofH, there exists an integer q and a geometric point ^ such 
that Z is contained in the support of A''p^{Qi). 

Loeser also generalizes the holomorphy conjecture as follows (using notations and 
conventions from K15l a.nd 13. 
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4-4-2- Generalised holomorphy conjecture. — For almost all finite place ^ , if 
Z<^(F(p, xoi s) with (f) residual on X«p is not a holomorphic function of s, then there 
exists an integer q and a geometric point ^, such that Xo belongs to r(Supp^|,g(Q;)). 

4.4-3. Remark. — By Proposition when r = 1, Conjectures 14.4.11 and 14.4.^ 
are indeed equivalent to Conjectures 14.2.11 and 14.2.21 

5. Comparison with the transcendent theory 

In this section, we compare our definition of the Alexander complex with the classical 
definition j30| in the complex case, following Deligne's treatment of the nearby cycles 
[3]. Let X be a complex manifold, and let F = (/i, . . . , /r) : X — > be an analytic 
map. We denote the complex analytic torus G^c(C) by T, the inverse image of 

T under F by X-p, and the complement of in X by Xq. Let 7i : T ^ T he a 
universal cover of T. Consider the following diagram: 

Xq — - — ^ X — — — Xj"* — — X-ji y. J' T = Xrp 

F 

TT ~ 

(^^^-^ ^J"' -« — ^J"' 

In the univariate case (r = 1), after reducing X to a sufficiently small neighbourhood 
of a point x e F~^(0) (i.e. the intersection of a small ball centered at x with the 
inverse image of a small ball around the origin in C), the space Xt Xt T is called 
the canonical Milnor fiber of F at x, since it is homotopy-equivalent to the fiber 
of the Milnor fibration at x |25j f20]. However, in the multivariate case, F will, in 
general, not be a fibration in any neighbourhood of x. 
Let T be an object in D^^Xt, C). We define the Alexander complex to be 

The deck transformations of X T make Rippi^) into a constructible C[Z^]- 
module. 

Now let A be a regular Noetherian ring, an A-constructible sheaf on Xq, and Q 
an object in D'^{Xq, A). The support Supp^^ of at a point x of Xq is defined to 
be the collection of prime ideals V of A such that J-'x ®a A-p ^ 0; the support of 
^ at a; is the union of Supp2:/i*(^). If d is the dimension of the support of Q at x, 
we denote by Supp^^^^ Q the collection of prime ideals in Supp^^ of coheight d. The 
cycle associated to ^ at a; is the cycle 

where V{V) is the subvariety of Spec A associated to V, Q-p is the localization Q ®a 

A-p., and Xx{Gv) equals ^(— l)*length In our setting, A equals C[tj, 

and d will be equal to r — 1, so we can replace the cycle by a defining function. This 
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zeta function Cx,d{G) is a rational function in ti, . . . , t^, defined modulo multiplication 
with a monomial. We get a duality formula 

Cx,d{DAG){ti, . . . ,tr) = Cx,d{G){tl, ■ ■ ■ , ^r)~\ 

where DaG is the dual complex of Q. 

In his article [30], Sabbah formulates a generalized A'Campo formula [l]: let F = 
(/i,...,/,) : (C",0) ^ (e,0) be an analytic germ, and let h : EC" ^ be 
a proper modification, where EC^ is smooth. Assume that there exists a divisor 
E = UEi on EC"' with normal crossings, such that (/i o h)~^{0), as well as h~^{0) 
are unions of components of E. Then 

{jG/|£;,G7r-l(0)} 

where = t^^ . . . t^'^, the Ni are multiplicity vectors of E along the and £'° is 
equal to the set of points on Ei which do not belong to any other divisor Ej . 
It is well-known [30j that Rh^oRipp^j^ = RippoRh^. The comparison of the analytic 
with the algebraic definition is based upon an explicit computation of the Alexander 
complex associated to F o h, which reduces to the computation of the Alexander 
complex associated to 

G -.Y = C" -^C : X = (xi,...,x„) ^ {x^\...,x^^) , 

with A^-' G N". We may assume that for each index j = 1 . . .n, there exists a k such 
that y^O. The map 

pi : C" Ft = (Co)" : (w,, ...,Wn)^ (e^-^S . . . , e^--") 
is a universal covering space. The space Yf falls apart in k connected components, 
where k, equals Ylid^^d, {^i}'j=i- These components are transitively permutated by 
the monodromy actions. For each of these components Z, we get an induced covering 
projection p2 : C" ^ Z with 

M = {{zi, . . . , z„) G Z" I ^ A/' = for each j} C Z" = 7Ti{Yt) 
as transformation group. This means that, for each constant sheaf A on F and each 

q, 

i?VG(A)o = H%Yf, A) = A'^iM ® A) ® ^° (A)o , 
which follows from the fact that, for each sheaf on Z, the global sections of JF are 
the global sections of P2J-' which are invariant under M, and the resulting spectral 
sequence. 

Let us try to reformulate this definitions in a more algebraic way. For each i = 
l,...,r, let Si be the spectrum of a strictly Henselian ring with residue field k, 
closed point Si and generic point rji. Consider a geometric point ffi, localized at 
r]i. The residue field of the closed point of the normalization Si of Si in k{f]i) is an 
algebraic separably closed extension k{si) of fc, and thus defines a geometric point 
Si localized at Sj. Let F : X — S" be a scheme of finite type over the fiber product 
S of the Si over Specfc. Fix a subset J of {1, . . . ,r}. Let A a Noetherian torsion 
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ring in which the characteristic exponent of k is invertible, and let be an object 
in D'^{Xt,A). 
Consider the diagram 

sJ ^ ^ ^ff 

F 

sj — 1] -> — f] 

where t] = {rji)^ and sj = (aj) with ai = Si if i E J and at = rji else. We define the 
J-th Alexander complex to be 

It is endowed with an action of Yl Ga\{f]i/rii); the i-part acts trivially if i ^ J. If we 
replace, for each i, fji by the point ?7j f associated to the maximal tamely ramified 

extension of fc(r/j) in k{f]i), we get the tame Alexander complex Rip'Pj. 

It follows from proper base change that Rh^ o Rip^p^^ j = Ripp\ o Rh^, if h :¥ ^ X is 
a proper morphism. In our comparison theorem, we will apply this property to the 
case where h is a simultaneous embedded resolution for the so let us investigate 
what happens if, for each i E J, X^^ is smooth over r^j, and D = Ui^jXg. is a normal 
crossing divisor. The calculation follows the same lines as in the analytic case; see 
|14| for the univariate case r = 1. 

Let a; be a geometric point of X, localized at a point x mapped to sj by F. Con- 
sider the strict localization X(s) of X at x, let U be equal to the complement of 

the inverse image of D in and let tj be a local equation for Dj. Now put 

i_ 

Xn = X(^x)[tj], and denote by [/„ the inverse image of U in Xn- By purity and 
the long exact sequence for relative cohomology, H'^{Un,A) = A'A(— 1)'^, where C 
is the number of components Dj containing x. For m = nd, the morphism from 
H'^{Un,A) to H'^{Um, A), associated to the obvious morphism Um Un, is induced 
by multiplication by d''. If we define U to be the projective limit of the Un, taken 
over the indices n prime to the characteristic exponent of k, we get 

r H\U,A) = A 

\ Hi{U, A) = lim^ Hi{Un, A) = if g 7^ 0. 

The scheme f7 is a procover of U with group Z{l){k)'^' . Furthermore, it is a procover 
with group M(S)Z(1)(A;) of each of the connected components of which are per- 
mutated transitively by the tame inertia group It = Z(1)(A;)'". Since, by definition, 
R%l)ff{A)s = H^iUrj^^A), the Hochschild-S erre spectral sequence yields 

R^P^jiA), = A^(M ® A(-l)) ®A R'^PjA), , 
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and R^ipp j{A)x is a A-algebra A^, with E a set on which the tame inertia group 
acts transitively, and \E\ equal to the greatest divisor of k prime to p. Of course, 
M and n are defined in the same way as in the analytic case. 

Now we compare both definitions. For each i = 1, . . . , r, let /j : X — ^ Aj. be a 
separated reduced Aj,-scheme of finite type. Consider the strict localization S of 
at 0, with closed point s, and generic point rj. By abuse of notation, we will 
also write fi : X ^ S for the restriction of /j to X x^i S*. Put F = (fi), and 
let Ripf^j{J-') be the restriction of the analytically defined complex of Alexander 
modules to Xj = {x E Xq\ fi{x) = iff i G J}. 

We can make use of an etale dictionary, allowing us to travel from the algebraic 
to the analytic world, associating to a scheme X of finite type over C the analytic 
space X{C) of its complex points, and to an etale sheaf J-' on Xt a sheaf JF'*" on 
Xt{C), with pleasant compatibility properties - see, e.g. |12||24|. Our Henselian 
ring 5" corresponds to the germ of a disc around the origin. The universal cover of 
the one-dimensional torus, however, is not algebraic in nature - this is exactly why 
we have to use limits in the definition of the algebraic fundamental group f26j . We 
now explain how it is linked to a geometric generic point f] of 5*, see also 
Let Ti be the torus A^^ \ {0}, and Ti a universal cover. We can add a point to 
Ti to obtain a map p : A ^ A}^ such that p(0) = 0, Ti is open in A, and the 
sets p~^{U), where U runs over the neighbourhoods of in Aj^, form a fundamental 
system of neighbourhoods of in A. The cover Ti determines an algebraic closure of 
the residue field k{r]) as follows: S is isomorphic to the ring of germs of holomorphic 
functions on A^ at 0, that are algebraic over the field of rational functions K{Al.). 
The field of germs at G A of meromorphic functions on Ti that are algebraic over 
Ki^A^), is an algebraic closure k{f]) of K{Aq), hence of k{r]). The group of deck 
transformations vri(Ti) acts on k{fi), which yields a monomorphism 

Z = 7ri(Ti) ^ Gal(A;(r/)/A;(r7)) = Z(1)(C) (*). 

Let fj be the geometric point corresponding to the inclusion k{ri) C k{f]). 
Our first comparison statement is the following: 

5.0.4- Proposition. — Let Q he an object in i5^(Xr,A), and let Q°'^ he the cor- 
responding ohject in D'^{Xt{C) , A) . Consider the constructihle complex Rip^p j{QY"' 
on the stratum Xj (or its intersection with the inverse image of a small disc in ). 
It inherits a Z(1)(C)^ action, which induces, via the morphism (*), a monodromy 
action ofH. This latter object is quasi-isomorphic to Rijj'Pj{Q°''^) . 

The proof is completely analogous to the proof in the univariate case 0J, and consists 
of a reduction to the normal crossing-case for which we established formulas above. 
Our next task is to compare the algebraic definition of Ripp\ with our definition 
of the Alexander complex. For each i = 1, . . . , r, let /j : X ^ A^ be a morphism 
of fc-varieties. Consider the strict localization S of A^ at 0, with closed point s, 
and generic point r]. By abuse of notation, we will also write : X — > S" for the 
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restriction of fi to X x^i S. Put F = (/i, . . . , /r). Let ^ be a closed point of X 
that is mapped to sj; we might as well assume that J = {1, . . . ,r}, and we drop 
the subscript J. Let /x be the generic point of a strict localization of X at ^, and 
let fj, he a geometric point localized at fi. We fix an isomorphism of fiber functors 
Vpifi) — on the category of tame etale covers of GJ^^. Consider an object JF 

in Dl{XQr^^, Qi). We denote by the tame Alexander complex at n, with 

opposite Gal(/2//i)-action. 

Now we give Rip'^^p^{J-') the structure of a sheaf of modules on C(GJ^^), or rather: 

we split up Ri})'^^p^{T) in different direct summands, in analogy with the Jordan 
decomposition of a linear transformation, and each of these summands will get the 
structure of a sheaf of modules on {x\ x C(GJ!„ for some character x- For each x 

in C(GJ„ ;j, Q^^)/ (see |13| for a definition), we denote by Rip^^^p^ [J-'Y^'' the biggest 

subobject of Rip^^^p^ {J-') such that the monodromy action, translated by factors 

through ni{G^^j^)i. Now it is clear how to give Rip^^^p''' {J-'Y^^ the structure of a sheaf 
of modules on {x} x C(G^;,). 

For each closed point (p of {x} x C{G'''^^,^)i, the stalk Rip^/j^^p^ i^)'^^ is the largest 
subobject of Ril)^^^p^{J^) on which the action of each member 7j of a topological 
basis (71, . . . , 7j,) for vri(GJ„ fc)* is of the form ^ijj) + X^^, , with N^^ nilpotent. 

5.0.5. Proposition. — For each character x in C(GJ„ ^, Q^^)/, we get a canonical 
isomorphism of sheaves of modules 

Proof. — It suffices to prove the theorem when x is trivial. We replace JF by a 
model in D'^^X^r where R is the ring of integers of a finite extension of Q/. 

We denote this model again by JF. Then the equality we want to prove becomes 

where ^ denotes the dual Z^-module, and the isomorphism is a canonical isomor- 
phism of i?[[7ri(G5^ ;.)i]]-modules. 
We have a canonical isomorphism 

^g(^) = R^UJ^ ®^ F*L^r h = i/''(Gal(/x//x), Rr^J'^i^ < F*L^r )) , 

which may be rewritten as an isomorphism 

where we view L^r as an -R-module with continuous 7ri(G^ j;,);-action. Now let us 
take a look at the hypercohomological spectral sequence 

= H\MG:^^,),,R^r;}-\j')<L^rj 
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By |13| . proposition 4.2.2.1, the spectral sequence degenerates at E2, and yields the 
desired isomorphism. □ 

What does this all mean for the support of the Alexander complex ^^^(Q^) if /c = C? 
Consider the universal cover 

and let fj be the corresponding geometric generic point of the Henselization of at 
0. Fix an embedding of in C. The choice of f] yields a distinguished topological 
basis (71, . . . ,7r) for 'n'liG^^Y, and the embedding of in C allows us to identify 
a closed point x of C(G;,^) with a point (e^™^)^ in SpecC[Z], with aj E Q. This 
correspondence identifies the support of Ap^{Qi) with the support of the stalk of 
the analytical complex ^/^^"(C) at ^. 

To conclude, let us consider the behaviour of the Alexander complex with respect 
to resolution of singularities. Let h : Y ^ X he a simultaneous resolution for the 
/j, and let be an object in D^(Yt,R). It follows from the proper base change 
theorem that 

Suppose that the resolution is tame, i.e. all multiplicities Nj are prime to the 
characteristic exponent of k. In this case, the complex Rj^:{Qi h*F*L^) is lisse on 
the strata Ej^ by [IS], lemma 4.3.2, and on each stratum Ej^ we have an isomorphism 

R'jMi ® h*F*Lf^) ^ R^jMi ® h*F*Lf^) ® A'?(M, ® Q/(-l)) 
where Mj is defined in the obvious way. 



6. A formula for the local zeta function 

We recall, and introduce, some notation. Let i^' be a finite field extension of Qp, 
with ring of integers R, and residue field k = Eg. We denote by P the maximal ideal 
of R. Let $ be a residual, locally constant function on R^, and E = (/i, . . . , /r), 
with fi a polynomial in a; = (xi, . . . , a;„) over R. Let x = (Xi? • • • > Xr), where Xj is 
a multiplicative character on R^ of order dj, trivial on 1 + P. Put d = {di, . . . ,dr). 
Denote by Ni the vector (A^^^, . . . ,N[), and by s the r-tuple of complex variables 
(si, . . . , Sj.). Let 7 denote reduction modulo P. Let {Y,h) = h : Y ^ be a 
simultaneous embedded resolution for F, and always assume tame good reduction 
Let T be the index set of the exceptional components, where T, indexes 
the components of strict transform, and Tg the exceptional divisors. The symbol 
Ej, with J C T, means flig/i^j, and Ej stands for Ej \ Uj(zT\iEj. Analogously, we 
write Ej instead of Hi^jEi, and Ej instead of Ej \ Uj^T\iEj. 

We say that a multiplicity vector A^j satisfies condition 7(A^i) if the character 

YYj=iXj' is trivial. The condition 7(A^j) replaces the condition d\Ni in the 
univariate case. 
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6.0.6. Theorem. — Let fi G R[x\, F 0, and let {Y,h) have good reduction 
modulo P. Then 

TT Q ~ ^ 

ICT,-y{Ni)ifi€l i&I ^ 

where Ci^^^^ = YlaeE°{k)^(^)^x(^) ^'^^ ^xi^) ~ YVj=iXj{'^j)j with Uj as in the 
univariate case [6] (xj{uj) is ill-defined, but their product isn't). 

Proof. — See the proof of Denef in |6|. His proof can be read as if s, and the 
Ni were vectors, replacing the condition d\Ni by ■j{Ni) to obtain the generalized 
formula. □ 

We write cj^^ for cj^^^^ when $ is the characteristic function of i?", and cj^^fl when 
$ is the characteristic function of P^. 

These coefficients have a cohomological interpretation. Choose a prime number /, 
not dividing g, such that all characters Xj take values in Q/, identifying Q; with 
a subfield of C. Let C be the torus (A^^ \ 0)'', define Yc as {F o h)~^{C) and let 
a : Yc ^ C he the induced map. 
The etale cover 

SpecFq[w,w^^,z]/{zf^ — Wi, . . . , — Wr) 
of C, z = {zi,. . .,Zr), w = {wi,.. .,Wr), has Galois group Hd = HLi l^d,- Through 
the isomorphism fid = Yli^q /i^qY'^ ^ = YliXi induces a character ip' on fid, 
which at its turn induces a continuous representation of vri(C) in . We denote 
the locally constant Q^-sheaf associated to its inverse by C'^. Let C^^a be a*C'^, and 
J-'tl, be u^C^^a, where u : Yc Y is the open immersion. The sheaf is constructed in 
such a way that the action of the geometric Frobenius corresponds to the character 
we want to study, so we get a convenient Grothendieck trace formula 

6.0.7. Theorem. — The sheaf JF^ is locally constant of rank 1 on Ud = Y \ 
U!f^^^^)Ei. IflcT and -f{Ni) for all i G /, then 

ci,x = Y.^-irTr{Fr,Hl{E'i®p^ 

i 

and 

C/,x,o = $^(-l)'Tr(Fr, HUE", n h-\Q) Pf^, ^^)) 

i 

where Pr is the Probenius endomorphism, and P^^^ denotes the algebraic closure of 

Fq. 

Proof. — Cover Ud with affine opens V C Ud, such that on each V, we can write 

fj oh as Uj YlVi^' , with Uj nonvanishing on V , j = 1, . . . ,r, and (i/j) a system of 
local parameters on V. Let u be the mapping from V to the torus C induced by the 
Uj. The multiplicity vectors Mj satisfy condition 7 for each i, so it follows from the 
bimultiplicativity of the construction of that the sheaf Q = u*C^ on V coincides 
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with C^^a on n Yc- Since Q is, by purity, isomorphic to the direct image of its 
restriction to fl Fc, we see that Q = J^^\v- 

Now let / be a subset of T so that 7(iVj) for each i E I; thus Ej C Ud- Let a be a 
point in V. The action of the geometric Frobenius 99 of a on the stalk of J-'^ at a, is 
induced by the monodromy action on the stalk by the element of Hd corresponding 
to ip, and is given by ^xi'^)- Grothendieck's trace formula yields the expressions for 
C7,x and ci^xfi- D 
We now study the higher direct images of C^^a under z/. 

6.0.8. Lemma. — (i) R'v^C^^a is zero outside Ud for all j > 0. 

(a) For I C T, let uj be the open immersion uj : Ej ^ Ej. Then R-'jyi^.{J-',p\E°) is 

zero outside Ej fl Ud for all j > 0. 

(Hi) Suppose i G T and 7(A^i). Then {R^i'^C^^a)\E° is zero for all j > 2, and 
canonically isomorhpic to J^^{—1)\eo for j = 1. 

Proof. — (i) Let a be a closed point of F \ f/^. This point belongs to E" for some 
J C T, and I contains an index io such that Ni^ does not satisfy 7. We will prove that 
the stalk of Wu^C^^a at a is zero. This assertion is local for the etale topology, which 

allows us to replace Y by A^^, Yc by {]\,^j{A\ \ 0)) x A^--'^^, « by {]\,^, )„ 
and a by the origin. Then we can write 

where C denotes the constant sheaf on y^^-^ar-rf/^ ^^^^^ denotes the Kummer 

sheaf associated to Xj- Let /i be the open immersion of \ in A\^. Since Ni^ 

does not satisfy 7, the stalk of /i* (S>j=i at the origin is zero (because we get a 

nontrivial monodromy action). Local duality yields {R^fx^: &j=i ^xj^''°)o = 0. Hence 

(R^ fi^ ®i=i '^Xi^^)o = for all j > 0. Now we can apply the Kiinneth formula to 
the expression for Ctp,a, to obtain the desired result. 

(ii) Because of (i), we may suppose that Ej C Ud. When Ni satisfies 7, we get a 
trivial monodromy action on so this sheaf is constant. Now one can use 
a local description similar to the one in (i). 

(iii) Apply purity results to the smooth pair consisting of E° and Y \ Uk^iE^. □ 

The same arguments as in the univariate case [S] can be used to prove the following 
result from the preceding lemma. 

6.0.9. Lemma. — Let Ei^ be proper, ^{NiQ), and suppose that Ei^ intersects no 
Ej with 'y{Nj), j 7^ io- Then 

KiK <^ J-^) = for z ^ n - 1 . 

So if in addition x{Eio) = (i.e. the topological Euler characteristic of E°^{C) 
vanishes), we have no contribution in the formula for Z$(F, x;s), since xi^ig) and 
Xc{E° Fg'-^,Qi) differ by a nonzero factor, and this latter Euler characteristic 
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with compact support at its turn equals Xc{E° F^'-^,J^^), because J-'ti;\E° has 
tame ramification. This allows us to prove: 

6.0.10. Theorem. — Suppose n = 2. If H : CkS^ + 1 = is a polar hyperplane 
of Z , then there exists an index j in T , with \Ej/ E°\ > 3 or j & T^, and = Nj /uj 
for each k. 

Proof. — This proof generalizes the one in [7j. Some notation: fix j in Tg, and 
let at, t E J, he the geometric points of Ej \ E°. For t E J, let N^, denote the 
numerical data associated to the unique divisor intersecting Ej transversally in at, 

and put a[''^ = Vt — N^uj/Nj if Nj differs from zero. It is well-known (21] [HH] that 

^(af) - 1) = -2, and ^iVf = modN!^ (*) 
ieJ teJ 

for each k for which the identities are defined. 

Let S be the set of all divisors Ej inducing the polar hyperplane H. Suppose that 
each of its members satisfies \Ej\E°\ < 2 and j ^ Tg. It follows from the identities 
above that different elements of S cannot meet, since otherwise we could build an 
infinite tree of divisors in S, which is absurd. Suppose that Ej belongs to S and 
satisfies 'y{Nj). Suppose that \Ej \ Ej \ = {01,02}; the other case is similar. Either 
both Ni and N2 satisfy 7, or none of them does; in the latter case Ej does not 
contribute to Z because of the previous lemma, in the former case the sheaf JF^ 
will be geometrically constant on Ej, and it follows from the trace formula and the 
formula for Z, combined with the information about the a[''\ that Ej does not 
contribute to the polar locus of Z. □ 



7. Degree of local zeta functions and monodromy 

In this section, we establish a formula for the limit of the zeta function for s —>■ —00, 
and we prove the following theorem, which is a generalization of a theorem in [8]: 

7.0.11. Theorem. — Let F = (/i, . . . , f^) be defined over a number field K C C. 
For almost all completions of K, the degree of the local zeta function Zo{f,x', s) will 
be strictly less then zero if x ^ Supp^^Q(Qi) for all q. 

Here the statement that the degree of Zo{f, x', s) is strictly negative, means that the 
well-defined limit lim^^-oo Zo{f, x', s) vanishes. 

Proof. — Let f/ be a geometric generic point of A^^ , defining an algebraic closure 
jpaig q£ ^Yi^ Henselization at of Ap^, and denote by rjo its generic 

point. Put Go = Gal^fj/rjQ). 

Let a be an element of Go which induces the geometric Frobenius f on Then, 
using the notation from the previous section. 
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a 

^(-l)"+'Tr(a, H\h-\<d) ® F^'^ o hyi^ ® (F o h)* C^)) 



a,b 



(By proper base change and Leray's direct image spectral sequence, we can compute 
the trace on the exceptional locus of the embedded resolution h.) 

(By the explicit computations in the normal crossing case in Section EJ 



/ a,b 

\A 



= q-'\l-qY lim Zo(F,x,s) 
where A is the number of linearly independent multiplicity vectors {N-)i(zi, j 



□ 



In the motivic setting, the limit of the multivariate zeta function yields a motivic 
incarnation of the Alexander complex jl5j . In the case r = 1, the motivic Milnor 
fiber has the same mixed Hodge structure as the geometric Milnor fiber, and the 
Hodge spectrum of F = /i can be recovered from this motivic object [9j|10|. 



8. Proof of the monodromy and holomorphy conjectures for curves 

Now we are ready to prove Conjectures 14.4.11 and 14.4.21 when n = 2 (see |27| and 
|32| for the univariate case r = 1). 

Proof of the Generalized Monodromy Conjecture \4-4-i\ fof n = 2 
Polar hyperplanes induced by components of the strict transform satisfy the con- 
jecture, as can be seen by looking at the Alexander polynomial of the stalk of the 
Alexander complex in a smooth point of the zero locus. Let Ej be an exceptional 
divisor intersecting at least three other divisors and lying above a point x of X. Let 
A^' be an integer r-tuple, and denote by X the set of exceptional components lying 
over X, with a multiplicity vector which is an integer multiple of A^'. We say that 
Ei satisfies S if it belongs to X. Because of Sabbah's A'Campo formula, and the 
previous arguments, it suffices to prove that the expression wj := J^E.eiXiEf) is 
strictly less than zero, for each A^' such that Ej satisfies S. We may suppose that 
none of the components of the strict transform satisfies 5, since in the other case, 
it again suffices to look at the Alexander complex in a smooth point. To prove the 
monodromy conjecture, we use the inequality < in the case where A^' equals 
Nj, divided by the greatest common divisor of i^j and the entries of A^-. 
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Let Af be the union over all Ei satisfying 5. It follows from the relations (*) in 
the proof of Theorem 16.0.101 that each connected component of A/" contains a prime 
divisor, intersecting at least two divisors Ek not satisfying 5 (we suppose = 
for some j). Let M. be the set of divisors in the connected component of N 
containing Ej] it suffices to prove that Wm < 0. It is known that Wm = implies 
that M. is a. tree intersecting the union of the other exceptional components exactly 
twice [27j. These two intersection points have to lie on the same divisor Ei in 
Suppose that Ei = Ej. There is still another divisor E2 in A4 intersecting Ej. 

We claim that we can find an index k in {1, . . . ,r} such that a^'^^ < 1 for all Et 
intersecting Ei. Since a^'' e Z, (*) yields a'^^ = 0. But E2 has to intersect another 
divisor in AA, and repeatedly applying (*) produces an infinite tree. If Ei ^ Ej, 
there are at least three divisors in AA intersecting Ej; since only one component 
intersects a divisor not belonging to M., the same arguments can be used. 
We still have to prove our claim. We claim that we can always find an appropriate 
index k, unless we have done some redundant blow-ups during the resolution process. 
It is known that this property holds in the univariate case r = 1. But all the divisors 
meeting h~^{x) appear as well in a minimal resolution for H/ (x)=o /? ' claim 
follows from YaLi ^i/ YJi=i Ui < maXi{xi/?/i} for Xj, y-i e Nq. □ 

Proof of the Generalized Holomorphy Conjecture \4-4-^ fof n = 2 
If Z is not holomorphic, there must exist an index j in T, such that the corresponding 
divisor Ej induces a pole in the formula for the zeta function. This means that we 
can choose j such that ■y{Nj) is satisfied, and j G Tg or \Ej \ Ej \ > 3. If j G Tg, it is 
clear from Sabbah's A'Campo formula that the holomorphy conjecture is satisfied; 
so let us assume that \Ej \ Ej \ > 3, and that Ej is an exceptional divisor above x. 
We've proven above that that the expression wj := J2e ei xi^?) strictly less than 
zero when we take the sum over all exceptional divisors lying over x for which the 
multiplicity vector is a multiple of some integer vector A^', whenever Ej belongs to 
/. 

Taking A^' equal to Nj , defining g to be the greatest common divisor of the entries 
of Nj, and putting Nj = Nj/g, it follows from Sabbah's A'Campo formula that the 

locus of T^i = is contained in the support of the Alexander complex at x, where 
is a primitive g-th root. Hence, it suffices to find a character ijj so that ijj^^ is 
a primitive g-th root, and x = 4'''x', with x'^^ = 1 ^ind G N. Since 7(Aj) is 
satisfied, we can take x' to be x^i and furthermore, if x is non-trivial, we can find 
A; G N so that x^^^^^^^^'' = 1, but ;^3'Afj{i-9)/fc ^ i unless g divides g'. Now put 
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